By using the Lyapunov functions and the Razumikhin techniques, the exponential stability of impulsive functional differential systems with delayed impulses is investigated. The obtained results have shown that the system will stable if the impulses' frequency and amplitude are suitably related to the increase or decrease of the continuous flows, and they improve and complement ones from some recent works. An example is provided to illustrate the effectiveness and the advantages of the results obtained.
Introduction
There has been a growing interest in the theory of impulsive dynamical systems in the past decades because of their applications to various problems arising in communications, control technology, impact mechanics, electrical engineering, medicine, biology and so forth; see the monographs 1, 2 and the papers 3-8 and the references therein. In particular, special attention has been focused on stability and impulsive stabilization of impulsive functional differential systems IFDSs see, e.g., 9-26 . However, in these previous works on stability of IFDSs, the authors always suppose that the state variables on the impulses are only related to the present state variables. But in most cases, it is more applicable that the state variables on the impulses that we add are also related to the past ones. For example, it is more realistic in practice if the impulsive control depends on a past state due to a time lag between the time when the observation of the state is made and the time when the feedback control reaches the system.
In fact, there have been several attempts in the literature to study the stability and control problems of a particular class of IFDSs with delayed impulses see, e.g., 27-36 .
Lian et al. 27 investigated the optimal control problem of linear continuous-time systems possessing delayed discrete-time controllers in networked control systems. For nonlinear impulsive systems, Khadra et al. studied the impulsive synchronization problem coupled by linear delayed impulses in 28 . In addition, in 29-34 , the authors investigate the uniform asymptotic stability and global exponential stability of general IFDSs:
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1.1
But in these stability analyses, the effects of time delay on the impulses have been ignored. For example in 31-34 , the Lyapunov function was assumed to be satisfied V t k , ϕ 0 
1.3
But those results can only been applied to the systems with stable discrete dynamics since their results need the strong condition of impulsive gain d k e k < 1. Motivated by the above discussions, in this paper, we further study the exponential stability of IFDSs with delayed impulses. Different from the previous works on exponential stability of IFDSs with/without delayed impulses 18, 31, 34, 36 , we will divide the systems into two classes: the system with stable continuous dynamics and unstable discrete dynamics, the systems with unstable continuous dynamics and stable discrete dynamics. The first class of impulsive systems corresponds to the case when the continuous dynamics are subjected to impulsive perturbations, while the second class of impulsive systems corresponds to the case when impulses are employed to stabilize the unstable continuous dynamics. This idea is enlightened in part by the works Chen and Zheng 37 about the uncertain impulsive systems. By using the Lyapunov functions and the Razumikhin techniques, some global exponential stability criteria are derived. The results obtained improve and complement some recent works. It is worth mentioning that our results shown that the system will be stable if the impulses' frequency and amplitude are suitably related to the increase or decrease of the continuous flows. Moreover, some results obtained can be applied to IFDSs with any time Abstract and Applied Analysis 3 delay. In the end, an example is provided to illustrate the effectiveness and the advantages of the results obtained.
Preliminaries
Let R denote the set of real numbers, R the set of nonnegative real numbers, Z the set of positive integers, and R n the n-dimensional real space equipped with the Euclidean norm | · |. Let τ > 0 and PC −τ, 0 ; R n {ϕ : −τ, 0 → R n |ϕ t ϕ t for all t ∈ −τ, 0 , ϕ t − exist and ϕ t − ϕ t for all, but at most a finite number of points t ∈ −τ, 0 } be with the norm ϕ sup −τ θ 0 |ϕ θ |, where ϕ t and ϕ t − denote the right-hand and left-hand limits of function ϕ t at t, respectively. Denote
Consider the IFDS in which the state variables on the impulses are related to the time delay:ẋ
where
C is a open set in PC −τ, 0 ; R n . and The fixed moments of impulse times {t k , k ∈ Z } satisfy 0
respectively. Throughout this paper, we assume that f, I k , and J k , k ∈ Z , satisfy the necessary conditions for the global existence and uniqueness of solutions for all t t 0 , see 6, 30-33 . Then for any φ ∈ PC −τ, 0 ; R n , there exists a unique function satisfying system 2.1 denoted by x t; t 0 , φ , which is continuous on the right-hand side and limitable on the lefthand side. Moreover, we assume that f t, 0 ≡ 0, I k t k , 0 ≡ 0 and J k t k , 0 ≡ 0, k ∈ Z , which imply that x t ≡ 0 is a solution of 2.1 , which is called the trivial solution.
At the end of this section, let us introduce the following definitions.
ii V t, x is locally Lipschitz in x ∈ R n , and V t, 0 ≡ 0 for all t t 0 .
Definition 2.2.
Given a function V ∈ v 0 , the upper right-hand Dini derivative of V with respect to system 2.1 is defined by In order to do so, we first prove that
Then the trivial solution of system 2.1 is globally exponentially stable and the convergence rate should not be greater than
It is noted that
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θ, ϕ θ , for each k ∈ Z and ϕ ∈ P −τ, 0 ; R n , where μ k , k ∈ Z , are nonnegative constants with
Then the trivial solution of system 2.1 is globally exponentially stable for any time delay τ ∈ 0, ∞ and the convergence rate should not be greater than 1/p ln q/ − c .
Proof . From condition iv , we can choose a small enough constant γ > 0 such that
Sete −γτ . The following proof can be completed by using the similar arguments as in the proof of Theorem 3.1, so it is omitted. Remark 3.4. When ρ 1 ρ 2 < 1, the Lyapunov function V may jump down along the state trajectories of system 2.1 at impulsive time instant t k . Thus the impulses may be viewed impulsive stabilizing, that is, they may be used to stabilize the continuous system if the original continuous system is not stable. In this case, the impulses must be frequent and their amplitude must be suitably related the growth rate of V . Let J k ≡ 0 in system 2.1 , then we have the following IFDS see 9-23, 26 :
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3.33
For system 3.33 , we have the following results by Theorems 3.1 and 3.3, respectively. 
, ϕ 0 , for each k ∈ Z and ϕ ∈ P −τ, 0 ; R n , where μ k , k ∈ Z , are nonnegative constants with
iv ρ < q < e c , inf t t 0 c t c, where
Then the trivial solution of system 3.33 is globally exponentially stable for any time delay τ ∈ 0, ∞ and the convergence rate should not be greater than 1/p c − ln q/ . 
Example
In this section, an example is given to show the effectiveness and advantages of our results. x t ax t bx t − τ , t / t k , t > 0,
where x ∈ R, τ > 0.
In the following, we will divide the system 4.1 into two classes to consider. Case 1. a 0 and 0 < |c| |d| < 1. 
Proof . From equality 4.2 , one can choose a small enough constant h > 0 such that
Let V t, x |x|. By calculation, we have
for all t / t k , k ∈ Z and ϕ ∈ PC −τ, 0 ; R . By taking p 1, c 1 c 2 1, ρ 1 |c|, ρ 2 |d|, q 1/ |c| |d| − h , c c t ≡ a |b|/ |c| |d| − h , and μ k ≡ 0, k ∈ Z in Theorem 3.3, it is easy to obtain Property 1. for all t / t k , k ∈ Z , and ϕ ∈ PC −τ, 0 ; R . By taking p 2, c 1 c 2 2, ρ 1 |c| |c| |d| , ρ 2 |d| |c| |d| , c c t ≡ − 2a |b| q|b| , and μ k ≡ 0, k ∈ Z in Theorem 3.3, we can obtain Property 2.
Remark 4.3. In this case, the underlying continuous system is stable, the impulses are disturbances, which potentially destroy the stability of continuous system. So the existing results in 35, 36 are invalid for this case.
Conclusions
This paper has studied the exponential stability of IFDSs in which the state variables on the impulses are related to the time delay. By using the Razumikhin techniques and the Lyapunov functions, some criteria on the global exponential stability are established. The obtained results improve and complement some recent works. An example has been given to illustrate the effectiveness and the advantages of the results obtained.
